A solid-shell finite element (FE), suitable for simulation of arc-welding processes, is developed. The element formulation is based upon the Taylor series expansion of the strain matrix, and the so-called hyperelastic formulation is adopted for FE formulation. The B-bar approach is employed and the shear-strain operator is modified to eliminate various locking modes. The welding constitutive equation, including phase transformation and transformational plasticity, is implemented into the solid-shell element. This shows an excellent performance for large aspect ratios, so that this element surmounts the limitation of the regular solid element with regard to welding, particularly when specimens are subject to welding under mechanical loadings.
Introduction
Welding is widely applied as a key manufacturing process in auto-industry, heavy industries and ship building. There have been increasing concerns about welding processes in relation to productivity improvements, structural integrity, dimensional accuracy and the slick appearance of the final products. Welding, which involves thermal, mechanical and metallurgical processes together, is a very complex phenomenon and many research works have been published [1, 2] . In finite element (FE) welding simulation, fine meshes are required at the weld zone for capturing a high gradient of deformation and a large stress concentration. Kim et al [3] formulated welding simulation based upon the hyperelastic assumption considering the transformation plasticity and verified it by comparing with that of SYSWELD, the commercial software, and Choi et al [4] expanded this formulation to a large scale problem. Although excellent convergence was obtained due to the use of the consistent tangent moduli, the focus of the previous works was on the welding simulation of bulk metals. Most welding processes are carried out for joining thin plates, and as a consequence FE modelling for a welding process often results in a mesh of high aspect-ratio elements. This makes FE simulation of welding very inefficient and time-consuming, requiring huge computing time.
Shell elements have been proved to be effective for mechanical simulations of plate or shell structures; they have several inherent limitations. Firstly, ordinary shell elements possess a limitation with regard to the rotational degrees of freedom (DOF) perpendicular to the shell surfaces. Secondly, when solid and shell elements are used together, the need for a transition element arises at the interface due to the nonmatching DOF. Lastly, due to the plane stress assumption of the degenerated shell elements, the general three-dimensional material law is not applied in the formulation of shell elements, which is of critical importance in most of the welding processes for plate/shell structures.
Due to the aforementioned requirements, the need for a new element has gained interest among researchers. Hauptmann and Schweizerhof [5] suggested a solid-shell concept that thickness deformation was taken into account with the aid of the enhanced assumed strain (EAS) method. The EAS method, which assumes the additional DOF, has the strong point that users are able to control the behaviour of elements by increasing the internal parameters. However, it is required to invert a matrix, whose size is the number of EAS parameters, for every element in the procedure of computing the element stiffness matrix [6] . It means that a large computation time is needed when the number of EAS parameters increases. Vu-Quoc and Tan [7, 8] expanded this to multilayer shell structures by applying the assumed natural strain (ANS) and EAS methods. Sousa et al [9, 10] showed that several locking problems can be eliminated by combining reduced integration and the EAS method. Cardoso and Yoon [11] suggested a one-point quadrature element, by dealing with the locking problems via EAS and ANS schemes, to realize an extreme efficiency in terms of the computing time. Although this element showed good performances especially for bending-dominating problems, it failed to pass a strict patch test in the context of the general three-dimensional deformations. Because of the three-dimensional nature of stress distribution near the weld zone, it is required for any suitable solid shell for welding simulation to pass the strict three-dimensional patch test. To treat large nonlinear deformations in three-dimensional bodies, Liu et al [12] used Taylor's series expansion at the centre of an 8-node hexahedron element, and this element is known to pass the patch test almost exactly.
The objective of this paper is to devise a solid-shell element for welding FE analysis, based on the solid-shell element of Liu et al [12] . This solid-shell element uses the modified shear strain operator which is more consistent than that of Liu et al, especially when natural and physical coordinates are not lined up with each other. The hyperelastic formulation based upon the multiplicative decomposition of the deformation gradient is applied by defining an appropriate deformation gradient. The results of Kim et al [3] were carefully verified by confirming good agreement with that of SYSWELD although the element that they used was the basic 8-node brick element. Therefore, the numerical results which deal with the welding procedure in this paper are compared with that of Kim et al, which applies the hyperelastic formulation and the consistent tangent moduli for the solid element as in the present case of the solid-shell element. The outline of this paper is as follows. We review the hyperelastic thermo-metallurgical and structural analysis briefly in section 2 [3] . In section 3, the solid-shell element of Liu et al [12] is reviewed and modified for welding FE analysis, and several numerical examples are followed. Finally some concluding remarks are made.
Summary of welding formulations for thermo-metallurgical and mechanical analysis

Thermo-metallurgical analysis
Formulations of welding processes are summarized briefly. For details, one may refer to Kim et al [3] and Choi et al [4] .
The phase evolution equations in steels, proposed by Leblond and Devaux [13] , are as follows:
Here, p i is the volumetric proportion of phase 'i', θ is the temperature and N is the total number of phases. The rate of the proportion of phase 'i' transformed from phase 'j ' is written as A ij (θ,θ) , and it is determined by the transformation parameters and the proportion of each phase. For more details of A ij (θ,θ) , see Leblond and Devaux [13] . The trapezoidal rule is applied to integrate this phase evolution equation and the obtained phase proportions are used to solve the energy and mechanical governing equations. The energy equation including phase proportions and thermal boundary conditions can be written as follows:
Here, ρ i is the density of phase 'i'. c i , H i and λ i are the specific heat, the enthalpy and the thermal conductivity of the phase 'i', χ 1 the convection heat transfer coefficient and χ 2 the Stefan-Boltzmann constant, respectively. Equation (2.2a) can be rewritten in a weak form, as follows: 
The previous equation can be expressed in a matrix form if the austenite phase is thought of as the last phase 'N ':
. . .
The solution of (2.5) is straightforward and the results are given as
Structural analysis
The thermo-mechanical constitutive equations, as proposed by Leblond et al [14, 15] , are summarized in this section. The phases in steel are divided into two groups: the weaker phase, or austenite, indicated by subscript '1', and the harder phase containing the other phases indicated by subscript '2'. Thermo-metallurgical strain is given by a mixture rule of the weaker and harder phases. The macroscopic yield stress in this case is given from the nonlinear mixture rule as follows:
Here, f (z) represents a nonlinear mixture rule; 'z' denotes the phase volume fraction of the harder phase '2'. There are two different plastic flows taking place during welding: one is conventional plasticity (σ = σ y ) and the other transformation plasticity (σ < σ y ). Phase transformation occurring during welding induces an additional plastic flow. This extra plastic flow is related first to the plastic deformation of the weak austenite phase due to the internal stress generated by the inhomogeneous volume distribution of different phases even under macroscopic stress smaller than σ y . This is called the Greenwood-Johnson mechanism. Secondly, this plastic flow is caused by the evolution of the martensite phase, which possesses a preferred orientation under external loading so that the deviatoric strain resulting from transformation is not summed to be zero [16, 17] .
For transformation plasticity (σ < σ y ), the flow rules can be expressed by introducing the internal variableε p , given below [13] : ) is a correction function that accounts for the nonlinearity of the stress, s indicates the deviatoric stress, g(z) is a modification function to 1/z to consider small z values, E is Young's modulus and α 1 and α 2 are the thermal expansion coefficients of phases '1' and '2', respectively.
The assumption that the elastic properties except for the thermal expansion coefficients remain invariant with respect to the phase transformation is acceptable, and moreover it leads to efficiency and simplicity. The thermal expansion coefficients are determined from the mixture rule. From these assumptions, each of the weaker and the harder phases can be treated as an equivalent single homogeneous phase, making appropriate the adaptation of the transformation plasticity to the formulation of hyperelasticity.
Simo and Miehe [18] suggested the thermo-elastic free energy φ, making it possible to decouple volumetric deformation from deviatoric deformation. The free energy is decomposed into three potential functions: a pure mechanical volumetric part U(J, θ), a deviatoric partW (b e , θ) and the thermo-elastic potential M(J, z, θ). The detailed forms are given as respectively, and θ 0 is the stress-free temperature. From this potential, the decoupled volumetric and deviatoric Kirchhoff stresses are defined using a hyperelastic assumption, as
Kim et al [3] derived the consistent elastoplastic tangent moduli for the transformation plasticity, and they are given in appendix A for self-sufficiency. Furthermore, the flow rule derived from the hyperelastic formulation according to the principle of the maximum plastic dissipation can be expressed as follows [18] :
10a)
Here, L v denotes the Lie derivative. The plastic flow rule and the evolution equation of plastic internal variable in the classical hypoelastic formulation based on additive decomposition is given by [3] ε p =γ n, (2.11a)
Equations (2.11a) and (2.11b), the flow rule based upon additive decomposition, is linked to (2.10a) and (2.10b) the flow rule based on multiplicative decomposition, by matching the values of the two internal variables. It leads to the following relationship:
With this adaptation, the basic framework of the hyperelastioplastic implementation for the J 2 flow rule is employed for transformation plasticity and classical plasticity. The radial return mapping to update the stress is used considering the transformation plasticity.
Formulation of solid shell
Welding processes are conducted to combine thin structures rather than bulk structures in general and shell elements have been proved to be effective for mechanical simulations of plate or shell structures. Shell elements, however, have several inherent limitations in spite of their high efficiency in dealing with plate/shell structures. When solid and shell elements are used together, the need for a transition element arises at the interface between solid elements and shell elements due to the non-matching DOF. Furthermore, due to the plane stress assumption of the degenerated shell elements, the general three-dimensional material law is not applied in the formulation of shell elements, and therefore through-thickness stress distribution is not captured accurately, which is of critical importance in most of the welding processes for plate/shell structures.
To treat large nonlinear deformations in three-dimensional bodies, Liu et al [12] used Taylor's series expansion at the centre of 8-node hexahedron element, and this element is known to pass the patch test almost exactly. In this study we implement the governing equations of welding discussed in the previous section into Liu et al's element by introducing appropriate modifications.
For three-dimensional eight-node elements, the coordinate vector x and the velocity vector v are expressed in terms of the shape functions and nodal values:
Here, the shape functions are defined as
The elimination of transverse shear locking is important for thin structures. In this work, an orthogonal co-rotational coordinate system rotating with the element is introduced to deal with the shear strain appropriately. The co-rotational coordinatex is defined by rotating the conventional coordinate:
where x c and R indicate the location of an element centre and the rotation matrix, respectively. In this study, the rotation matrix is defined as follows; first, two tangent directions are defined:
The unit vectorê 3 of the co-rotational coordinate system is parallel to g 3 and the other unit vectors are determined aŝ
From (11), the rotation matrix is computed:
The strain-displacement matrix will be written using the co-rotational coordinates. The Jacobian matrix at the centre of the element can be expressed aŝ
and the inverse matrix ofĴ o is defined as D:
To obtain the strain-displacement matrix, the strain rate is expanded in a Taylor series about the centre of the element up to bilinear terms:
The strain-displacement matrixB I can be written aŝ
The first term of (3.10) represents the constant strain rate; the remaining terms are the linear and bilinear strain rates. The full strain-displacement matrixB I can be written in explicit form after calculating the first and second derivatives ofB I . This computation starts with defining the vectors b i , the derivatives of the shape functions at the centre of the element,
Note that the vectors b i are the components of the matrix B I (0), as given in the following:
It is necessary to differentiate b i in order to obtain the explicit form of (3.10). After some algebraic manipulation, the result can be put in the following expression [12] :
where
It should be noted that γ a in (3.13a) and (3.13b) are the stabilization vectors which span the null space. These stabilization vectors are orthogonal to the linear displacement field and provide consistent stabilization to the element. The preceding results may be obtained using another approach, the null space analysis [19, 20] .
It is important to treat the volumetric constraint or locking associated with plastic deformation properly, which takes place in most of the welding processes. For this the deformation needs to be decomposed into the volumetric and the deviatoric parts. Accordingly, the strain-displacement matrix is decomposed into two parts, the dilatational part B 
. The B-bar method, replacing the dilatational part as the value at the element centre, is applied to avoid volumetric locking and (3.15) was chosen instead of (3.14a), following Liu et al [12] :
Then the total strain operator is expressed aŝ 
Liu et al [12] suggested keeping only one linear term in the natural coordinate ξ for shear strain components, as follows:
However, the above modification of the shear-strain operator components is lacking in generality in that the relationship between the co-rotational coordinatesx and the parental coordinates ξ may not be consistent with the above modified expression of the shear strain operator components. That is, this adjustment of strain operator is valid only when each of thex,ŷ andẑ axes is mapped from each of the ξ , η and ζ axes, respectively. In such a case, it can be shown that (3.18) would have the same form as the strain operator from the ANS method [21] . However, the relationship or mapping between the two coordinate systems is arbitrary in general, and so may not be compatible with the above adjustment, in which case (3.18) may lead to severe unexpected transverse shear locking. This difficulty is now bypassed by employing the appropriate Taylor series expansion in the co-rotational coordinates. That is, we choose the following modification: 20) where the detailed expressions for each component of (3.20) are given in the appendix. In (3.15) and (3.19), one-point integration would yield only the contribution from the first terms, which represent constant terms in the Taylor series expansion. However, onepoint quadrature does not integrate volume accurately in threedimensional domains, and the patch test is not passed in general if one-point integration is employed for the 8-node hexahedron element. To remedy this drawback, (3.11a) and (3.11b) is replaced by the domain average, as defined by Flanagan and Belytschko [22] :
Thus, the stabilization vectors in (3.12) should also be replaced with (3.21) below:γ
Then the derivatives of b i in (3.13a) and (3.13b) are now recalculated using the above modifiedγ a . The element stiffness and internal force are derived from the strain operator matrix in the co-rotational coordinate as follows:
It should be noted that the co-rotational element stiffness and internal forces must be transformed to global Cartesian coordinates to assemble the global stiffness matrix and the force vector, as follows:
(3.24)
For a simple linear analysis, the stresses do not affect the FE solutions and are considered just for post-values, determined from the computed displacements. However, for a nonlinear analysis, the geometric stiffness as well as the internal force contains the stresses. If accurate stresses are not used for updating the tangent stiffness and the internal force, the speed of convergence is slowed; the solution may fail to converge in the worst case. For the conventional hypoelastic formulation of plasticity, the stress increments are computed from the strain matrices, which have been modified for the present solidshell formulation. Therefore, in the hypoelastic formulation the calculation of the stress increments is straightforwardly implemented, utilizing the modified strain matrices. However, this is not the case in the hyperelastic formulation of plasticity. In the hyperelastic formulation the total deformation gradient F N +1 , given in terms of f as F N +1 = fF N , should be determined to compute the stress tensor. The rates of the strains, or strain increments, are defined by the modified strain operatorB, as follows: 
where is computed. Then it follows that the consistent stresses and strains can be computed in the hyperelastic formulation.
Numerical examples
To explore the performance of the proposed solid-shell element, we first conduct various numerical tests, starting from a patch test. Then we look into the capability of the element with regard to welding simulations for plate structures. The comparison with the solid element [3] reported earlier is made to demonstrate the improvement in the convergence behaviour over the solid element.
Three-dimensional patch test
To perform the 3D patch test for a model composed of seven solid-shell elements, as shown in figure 1 , the displacements u, v, w along X, Y , Z, respectively, are prescribed at the exterior eight nodes: table 1 and it shows that the maximum error is about 1.5%.
A square plate
A square plate subjected to a concentrated load at the centre is analysed under linear elastic assumption (figure 2). The purpose of testing this problem is to explore how well the present solid shell is capable of modelling plate bending by concentrated loading. Note that the conventional shell elements are supposed to show a good performance for this typical bending problem. Though the aim of this study is not the complete shell element showing excellent bending behaviour like the conventional shells, our solid shell is expected to solve a typical bending problem like this. Two kinds of boundary conditions, simply supported and clamped, were applied. One quarter of the plate was modelled with symmetry and Young's modulus and Poisson's ratio are E = 3 × 10 7 [Pa] and ν = 0.3. A regular mesh and an irregular mesh in figure 2 are used for this problem. The normalized displacement at the centre of the plate is compared with those of HEXDS (Liu et al's [12] work), C3D8 (an 8-node linear brick with full integration) and S4 (a 4-node shell element with full integration) in ABAQUS (tables 2 and 3). It is noted that the solid-shell element shows better behaviour than HEXDS except for the irregular mesh with clamped condition. Although the result of the irregular mesh is not so good when compared with that of the regular mesh when the mesh is coarse, it converges rapidly as the number of elements increases. Next, the number of elements is fixed as 4 × 4 in plane, and it is increased in the thickness direction as in table 4 . This shows that the C3D8 element performs poorly due to locking, while the present solid-shell element performs extremely well as long as at least two elements are placed in the thickness direction.
Hemispherical shell under antisymmetric punch loads
A hemispherical shell with a hole at the top was loaded with two pairs of punch loads, as shown in figure 3 . Nonlinear elastic analysis is conducted with material properties of E = 6.825 × The plots of displacement versus load at points A and B are shown in figure 4 , and this result is compared with that of Betsch et al [23] with the same meshes except in the radial direction. The deformed geometry of a full hemispherical shell model is plotted in figure 5 . This figure supports our contention that the present solid-shell element is capable of modelling thin shell structures as long as at least two elements are used in the thickness direction.
A cantilever beam under elastic-plastic deformation
A thin cantilever beam with a shear load at the end tip is shown in figure 6 . The material properties are as follows: Young's modulus E = 1.0 × 10 7 , Poisson ratio ν = 0.25, an initial yield stress σ Y = 1.0 × 10 4 and the isotropic hardening modulus E t = σ/ ε = 1.0 × 10 6 for σ > σ Y . This test is meant to look into the element performance for elastic-plastic deformations involving geometric nonlinearity. Four types of mesh (figure 7) are used and the deflection of the end tip was compared with that of of C3D8I (8-node brick, incompatible modes) available in ABAQUS; the converged value of the deflection is found to be 1.620, which has been obtained utilizing a sufficiently fine mesh. Figure 8 demonstrates that the solid-shell element is superior to C3D8I at least in this kind of problems.
The flat plate welding with a solid-shell element
The present FE formulation has been verified and the deformation behaviour of the solid-shell element has been tested for various cases in the preceding examples. At this point, the present solid-shell element is used to analyse welding analysis without any mechanical loadings to verify the accuracy of the solid-shell element from the view of welding alone. In FE analysis of welding processes, it is important to account for geometric nonlinearity. Due to severe local thermal loading, rotation may not be negligible even in the absence of mechanical loading. The result is verified by comparing it with the result from a solid element developed by Kim et al [3] . Note that the results from the solid element by Kim et al were carefully checked through comparison with the results from the commercial code SYSWELD [24] (see [3] ). No mechanical loadings were used other than the symmetric conditions and rigid motion constraints. For a comparison with the basic solid element, three meshes 10 ×10 ×2, 20 ×20 ×4 and 40 ×40 ×4 are employed. Lines L1 and L2 (see figure 9 ) are chosen for comparison between the solid shell and the solid element. The thermal and material properties used are listed in table 5, and coupled with heat transfer, and so the energy equation is solved together with the kinetic equation for the phase proportion. The generalized trapezoidal scheme is employed. In welding, deformation has a weak coupling with the thermal field in that Figure 19 . Temperature history at (5, 50, 20) .
the plastic work dissipation is negligibly small in comparison with the heat applied for welding while the material constants depend on the temperature. In this context, a staggered algorithm [25] , wherein the thermal field and the mechanical field are solved in an alternating way for time marching, is adopted for an efficient solution of the thermo-mechanical field in welding. Figures 10 and 11 show the residual stresses along line L1 (welding line) and L2, respectively. It is clear that the solution converges as the mesh is refined; moreover, the results of two kinds of elements, the solid and the solid-shell elements, are in good agreement when the same mesh is utilized. This example implies that the solid shell and the solid element yield approximately the same numerical results for pure welding problems in the absence of mechanical loading. 
A parallelogram under thermal and bending moment
In this example, a thin parallelogram undergoes welding and bending processes. The material properties are the same as the previous example. The model geometry is shown in figure 12 and its thickness is 5 mm. At the first loading stage, the welding bead moves along line L1 for 10 s and the plate is cooled for 300 s. Secondly, the bending moment M y = 1.9 × 10 5 N mm is applied at the end tip as in figure 12 . Two meshes are used to compare the results, as given in figure 13: model (a) contains 800 elements and model (b) 3200 elements, and 4 layers are used for both models in the thickness direction. For a comparison, the results of the solid and solid-shell elements are compared for the two meshes. The heat source is given as follows:
3)
The temperature history at (25, 10, 5) , the intersection point of the line L1 and L2, shows good agreement as shown in figure 14 . After the cooling process, the bending moment adds additional stresses to the welding residual stresses. Figures 15  and 16 show the final stresses along the weld lines L1 and L2, respectively. The stress distribution along the weld line L1 shows an almost constant value except for the tip region of the plate. The decrease in the stresses at the tip is due to the free-surface effect at the welding step ( figure 15 ). Although the stress distributions near the welding zone are similar for all cases, significant differences occur as the distance from the welding zone increases ( figure 16 ). It can be noted that the difference in the stresses of the coarse mesh and the fine mesh for the solid-shell element are smaller than for the solid element, which means the solid-shell element is more efficient than the solid element.
Welding of a plate under bending moment
In the previous example, the solid-shell element showed good agreement under a thermal load compared with a solid element. Note that this specimen is free from any active mechanical loading. At this point, one may raise the question of the solidshell performance for the type of welding problems involving active mechanical loading. To answer this question, welding of a plate under bending moment is chosen for the last example. The material properties are listed in table 5. A large bending moment, enough to cause plastic deformation, is initially applied to the end of the plate (figure 17) for the first 10 s in a quasi-static manner. Two meshes were used to compare the results, as given in figure 18 . Model (a) contains 2240 elements and model (b) 6400 elements. Table 6 shows the deflection at the edge of the bending moment application when the moment is applied before the welding process begins. This indicates that the coarse mesh solution from the solid element is poor due to locking, while the solid-shell element yields a good result even in the case of the coarse mesh as it is free from locking. After the application of the bending moment is completed, the deflection at the end of the plate is fixed in the x and z directions to maintain the bending. Note that the dimension of the plate in the x-direction is large, and therefore the relaxation due to the subsequent welding is not large so that an almost pure bending condition may be maintained. Right after the completion of the moment application, the welding process starts along the weld line L1 (figure 17). The heat source moves for 10 seconds and the plate undergoes the cooling process for 200 s. To capture the residual stresses, fine meshes are generated near the welding zone, while coarse meshes are used away from it for efficient modelling ( figure 18(a) ). The heat source is the same as the previous example as given by (4.2).
The temperature history at point A (5, 50, 20) , which is plotted in figure 19 , shows complete agreement among the two elements for all meshes. Figure 20 shows the contour plot of the residual bending stress component σ 11 . Figures 21  and 22 show the plots of the stresses along lines L1 and L2, respectively. The results show that there is little difference in the residual stress between the coarse mesh and the fine mesh for the solid-shell element. This indicates that the solid-shell solution has already converged even for the coarse mesh (2240 elements). In contrast, the solid element solution deviates between the two meshes and this shows that it may yet have to converge even for the fine mesh (6400 elements). This example clearly illustrates the effectiveness of the present solid-shell element in the simulation of welding processes combined with mechanical deformations or bending constraints.
Welding of a pipe under shear force
Shear forces are applied on the lateral surface of a pipe after welding along the inner side of the pipe. Due to the symmetry, only 1/8 of the entire pipe is modelled (see figure 23 ). The material properties are the same as the previous examples. Under the three symmetric conditions, the heat source given by (4.4) moves along line L1 for 10 seconds in figure 23 and cooled for 290 s:
Q(x, y, z, t) = 15.0 exp − (x − 50 + 50 cos θ)
where θ = π 20
t.
After the cooling phase, the shear force F = 96 000 (N mm) is directed towards the pipe centre or in the Y -direction as shown in figure 23 . Like the previous example, two meshes are tested to compare the results of simulation, as given in figure 24. Model (a) consists of 1600 elements and model (b) of 6400 elements. Fine meshes are generated near the heat source to capture the residual stresses for both the meshes. Figure 25 shows the temperature history at point A, which is located at the mid-point of the weld line. Complete agreement is noted among the two elements regardless of the meshes. The circumferential stress S θθ and von Mises stress along line L2 in figure 23 are plotted in figure 26 . Note that the stresses from the coarse mesh deviate from the result from the fine mesh around z = 50 due to the large gradient of stress near the weld line. The result of the solid shell with 1600 elements shows better performance than that of the solid with 1600 elements.
Concluding remarks
In this paper, a solid-shell FE suitable for simulation of arc-welding processes is developed. Although the element formulation is basically along the line of Liu et al's formulation for the solid shell which is based upon the Taylor series expansion of the strain matrix, the more generic strain operator, B matrix, is presented to eliminate various locking. In addition, hyperelastic formulation has been adopted for FE formulation by defining the modified deformation gradient which is compatible with the strain operator. The welding constitutive equation, including phase transformation and transformation plasticity, is implemented into this solidshell element. Several numerical examples are followed to demonstrate the effectiveness of the present solid-shell element for analysing welding processes of plate structures of large aspect ratios particularly under mechanical bending loading or constraints. See Kim et al [3] for details.
Appendix B
Detailed procedures for (3.16) are described in this appendix. The co-rotational coordinate is interpolated by a shape function: 
